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Abstract. We consider an elliptic Kolmogorov equation \u — Ku — f in a separable Hilbert space 
H. The Kolmogorov operator K is associated to an infinite dimensional convex gradient system: 
dX — (AX — DU(X))dt + dW(t), where A is a self-adjoint operator in H and U is a convex lower 
semicontinuous function. Under mild assumptions we prove that for A > and / £ L 2 (H,v) the 
weak solution u belongs to the Sobolev space W 2,2 (H,u), where v is the log-concave probability 
measure of the system. Moreover maximal estimates on the gradient of u are proved. The maximal 
regularity results are used in the study of perturbed non gradient systems, for which we prove 
that there exists an invariant measure. The general results are applied to Kolmogorov equations 
associated to reaction-diffusion and Cahn-Hilliard stochastic PDEs. 



1. Introduction 

Let H be an infinite dimensional separable Hilbert space (norm || • ||, inner product (•,•))• We 
are concerned with the differential equation 

\u - -Tr [D 2 u] - (Ax - DU(x),Du) = /, (1.1) 

where A : D(A) C H — > H is a linear self-adjoint negative operator, and such that A~ l is of trace 
class, U : H — > RU {+00} is convex, proper, lowerly bounded, and lower semicontinuous. The data 
are A > and / : H — > R, the unknown is u : H — > R. Du and D 2 u represent first and second 
derivatives of u and Tr [D 2 ti] is the trace of D 2 u. 

Equation (jl.ip is the elliptic Kolmogorov equation corresponding to the differential stochastic 
equation 

dX = {AX - DU{X))dt + dW(t), (1.2) 
X(0) = x, (1.3) 

where W(t), t > 0, is an H- valued cylindrical Wiener process. Equation (jl.2p is a typical ex- 
ample of gradient system. Under broad assumptions, it has a unique invariant measure v(dx) = 
Z- l e - 2U Wfi(dx), where Z = J H e - 2U ^fi(dy) and fx is the Gaussian measure in H with zero 
mean and covariance Q = — ^A -1 . This is the reason to assume A~ l of trace class. Z is just a 
normalization constant in order to have a probability measure. 

Moreover system (jl.2p is reversible, that is, if the law of X(0) coincides with v, the reversed 
process Y(t) = X(T — t), t £ [0, T] fulfills again (ll.2p . see e.g. |14j . In statistical mechanics v is 
called a Gibbs measure. 

The above assumptions do not guarantee well-posedness of problem fjl .2|) — fll .3[) : however under 
suitable additional assumptions a weak solution may be constructed, using the general strategy 
presented in [20] and applied in jlOj . But in this paper we shall concentrate on the solutions of the 
Kolmogorov equation (jl.ip only. 



2010 Mathematics Subject Classification. 35R15, 37L40, 35B65. 

Key words and phrases. Kolmogorov operators in infinite dimensions, maximal Sobolev regularity, invariant 
measures. 



Throughout the paper we assume that U belongs to a suitable Sobolev space. Then, the measure 
v symmetrizes the operator 

Xu := ^Tr [D 2 u] + (Ax - DU(x),Du), 
since for good functions u, v (for instance, smooth cylindrical functions) we have 

/ J4fuvdv = — / (Du,Dv)dv. 
Jx 2Jx K 1 

Accordingly, we say that u € W 1,2 (X, v) is a weak solution of equation (jl.ip if 

\[ uipdv + \f (Du,D^)dv= [ f<pdn, V ip £ W 1>2 (X, v). (1.4) 
Jx 2 Jx J x 

For every A > 0, the weak solutions to (jl.ip when / runs in L 2 (H, v) are precisely the elements 
of the domain of the self-adjoint realization K of Jfc associated to the quadratic form (u, v) i— > 
±f x (Du,D<p) dv. 

Existence and uniqueness of a weak solution to (jl.ip have been extensively studied, even in more 
general situations. We quote pQ for the Dirichlet form approach and |10jl8] where it was proved that 
the restriction of <J€ to exponential functions is essentially m-dissipative in L 2 (H, v). However, in 
all these papers only W 1,2 regularity of solutions was considered. 

Our main concern is the investigation of the second derivative of the weak solution and of other 
maximal regularity results. In Section 3 we shall prove that the weak solution u of equation (jl.ip 
has the following properties, 

(i) u E W 2,2 (H, u), (it) / ||(-A) 1 / 2 Dti|| 2 di/<oo, 

and under further assumptions 

(in) / {D 2 UDu, Du) dv < oo. 
Jh 

Regularity of the second derivative of u and sharp estimates for Du are challenging problems for 
the theory of elliptic equations, even in finite dimensions, (i) is a "natural" maximal regularity 
result for elliptic equations, both in finite and in infinite dimensions, while (ii) is typical of the 
infinite dimensional setting (see e.g. |21j 112] for the Ornstein-Uhlenbeck operator, when U = 0). 
(iii) is meaningful in the case that D 2 U is unbounded, otherwise it is contained in (i). It was known 
only in finite dimensions (|16|). 

Properties (i)-(iii) allow to study some perturbations of J€ of the type J£i = X + where 

mu{x) = (B(x),Du(x)), 

and B : H — > H is possibly unbounded. This is the subject of Section 4. Taking advantage of 
(i)-(iii) we can solve 

Xu- Ku- (B,Du) = f, (1.5) 
under reasonable assumptions on B, when A is sufficiently large. The perturbed operator inherits 
some of the properties of K, for instance it generates an analytic semigroup that preserves positivity. 
In some cases we can solve (jl.5p for every A > 0, in a different L 2 setting. More precisely, adapting 
arguments from [IT] that involve positivity preserving and compactness, we are able to prove the 
existence of p £ L 2 (H,v) such that a suitable realization of K\ of J^i is ?n-dissipative in L 2 (H,Q 
where C{dx) = p(x)v(dx). Then, equation (jl.5p can be solved for any A > and any / £ L 2 (H, (), 
and we prove that £ is an invariant measure for the semigroup generated by K\ in L 2 (H, £). 
It is worth to note that J£i is the Kolmogorov operator corresponding to system 

dX = (AX - DU{X) + B(X))dt + dW{t), X(0) = x, (1.6) 
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which is not a gradient system in general. It may be useful in the study of non equilibrium 
problems arising in statistical mechanics, see e.g. [15]. Another possible application of the regularity 
of the second derivative of the solution u of (|1.5p could be to the pathwise uniqueness of (|1.6p 
(see the recent paper [9]), through the Veretennikov transform. This will be the object of future 
investigations. 

In Sections 5 and 6 we shall show that the general theory may be applied to Kolmogorov equations 
of reaction-diffusion and Cahn-Hilliard stochastic PDE's. 

2. Notations and preliminaries 

In this section we fix notation and collect several preliminary results needed in the sequel. Though 
essentially known, they are scattered in different papers, so we will give details for the reader's 
convenience. For a first reading of the paper one can jump to Section 3. 

Let H be a separable Hilbert space with inner product (•,•) and norm || • ||, endowed with a 
Gaussian measure \x := ^o,Q on the Borel sets of H, where Q G Jz? (X) is a self-adjoint positive 
operator with finite trace. We choose once and for all an orthonormal basis {e k : k G N} of H such 
that Qe k = \ k e-k for k G N and set x k = {x, e k ) for each x G H. We denote by P n the orthogonal 
projection on the linear span of e\, . . . , e n . For each fceNU {+00} we denote by J^^(H) the set 
of the cylindrical functions tp(x) = <p(x\, . . . , x n ) for some n G N, with </> G C^(M n ). 

2.1. Sobolev spaces with respect to fi. For p > 1 we set as usual p' := p/(p— 1). If a function 
<p : H 1— > IR is differentiable at x G H, we denote by D<p(x) its gradient at x. 

For < 9 < 1 and p > 1 the Sobolev spaces Wg' p (H,fi) are the completions of ^^{H) in the 
Sobolev norms 

, , / 00 x p/2 

^w^(h^ : = J H {W\ p + \\Q e Dy\\ p W = J h W\ p + (Y^^lDw?) dp. 

For 9 = 1/2 they coincide with the usual Sobolev spaces of the Malliavin Calculus, see e.g. [U Ch. 
5] ; for 9 = and p = 2 they are the spaces considered in [12] . Such completions are identified with 
subspaces of L p (H,n) since the integration by parts formula 

/ D k ^ij)dn = - [ D k if> (p d/j, + — I x k (pipdn, <p, tp G ^^(H), (2.1) 

JH JH A fe JH 

allows easily to show that the operators Q e D : ^^(H) h-» L P (H, /i; H) are closable in L p (H,/j,), 
and the domains of their closures coincide with W e ' p (H,fj,). 

Moreover, since x 1— > x k G L s (H,fi) for every s > 1, (12. 1|) is extended by density to all ip G 
Wg' q (H,n), ip G Wg' p (H,fjL) such that l/p+ l/q < 1. In fact, extending [El Lemma 9.2.7] to the 
case p > 2 it is possible to see that it holds for 1/p + l/q = 1 too. 

The spaces Wg' p (H, \i\ H) are defined in a similar way, replacing ^^{H) by linear combinations 
of functions of the type (pe k , with ip G J^^(H). 

2.2. Sobolev spaces with respect to v. Concerning U we shall assume 

Hypothesis 2.1. U : X — > M. U {+00} is convex, lower semicontinuous, bounded from below. 
Moreover U G Wlf 2 {X,n). 

We denote by v the log-concave measure v{dx) = Z~ 1 e~ 2U ^ n(dx). Since e~ 2U is bounded, 
v(H) = 1. 

Lemma 2.2. For every p > 1, jF < ^. 00 (iJ) is dense in L p (H,v). 
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Proof. Since H is separable, then Cb(H) is dense in L P {H, u). Any / G Cb(H) may be approached 
in L P {H, u) by the sequence f n (x) := f(P n x), by dominated convergence. In its turn, the cylindrical 
functions f n are approached by their (finite dimensional) convolutions with smooth mollifiers, that 
belong to {H). □ 



We may apply the integration by parts formula (|2.ip with ip replaced by ipe , that belongs to 
Wlf 2 (H,fi) for ip G &V£(H). We get, for ip, ip £ &Y£(H) and h G N, 

A Dj l (pipdv + I D^ip ip du = 2 I D^U (pip dv + — f x^piipdu. (2-2) 

i/f ifl JH *h JH 

Once again, the Sobolev spaces associated to the measure u are introduced in a standard way 
with the help of the integration by parts formula (|2.2p . We recall that Jt?2{H) is the space of 
the Hilbert-Schmidt operators, that are the bounded linear operators L : H i— )■ H such that 
\\ L \\%{H) : = E™k=i( Le h,ek) 2 < oo. 

Lemma 2.3. For all q>2 the operators 

D : &<€ h X {H) ' y L q {H,u;H), Q ±l ' 2 D : &tf(H) i— > L q (H,u;H) 

(D, D 2 ) : ^ b 2 (H) t-> L q {H,u;H) x L q {H,u;£> 2 {H)) 

are closable. 

Proof. Let C ^^(H) converge to in L 9 (iT, i/) and be such that Q e L>^ n -> in L 9 (#, z/; if), 
with = or = 1/2 or = -1/2 . Then for every h G N the sequence ((Q 9 Dip n , e h )) = (\ e h D h (p n ) 
converges to (W, e^) in L q (H, u). By formula (|2.2p for each ^ G ^^(H) we have 

D h <p n ipdu + I D h ip <p n du = 2 / D h U ip n ipdu + ^- [ x h ip n ipdu (2.3) 

H iff JH Afc 



and letting n — )• oo we get 



lim / D h ip n ipdu = lim / A, e (W, eO V> dz/ = 0. 



Since ^^(H) is dense in L q '(H, u), then (W, e^) = z/-a.e. for every h G N, hence TV = u-a.e. 
and the first statement is proved. 

The proof of the second statement is similar. If (<p n ) C ^^(H) converge to in L q (H,u) and 
£V„ -> in L q (H, u; H), D 2 ip n ->■ =2 in L 9 (#, i/; JSf 2 (-ff)), by the first part of the proof we have 
W = 0, so that for every G N, D k ip n — > in L q (H,u). On the other hand, for each h,k G'N, 
(D 2 ip n eh,ek) = Dhk^Pn goes to (J2eh,ek) in L q (H,u). Formula (|2.2[) applied to D k <p n instead of p 
reads as 

D hk p n ipdu + I D h ip D k <p n du = 2 / D h U D k p n ip du + ^- [ x k D k (p n ip du, 

H JH JH A fc JH 

for all ip G ^^{H). Letting n — > oo we get 

lim / Dh k (p n ipdu= lim / (J3eh,e k ) ip du = 0. 

Then, {£teh, e&) = a.e. for each h and A;, so that £} = 0, u-a.e. □ 

Remark 2.4. We remark that the restriction q > 2 comes from the integral j H DyJJ ip n ip du in 
(|2.3p . where Z?/j,Z7 G L 2 (H,u) as a consequence of Hypothesis 12. 11 If ||J5Z7|| G L p (X,pt) for some 
p > 2 the proof of Lemma 12.31 works for any q > p'. 
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Definition 2.5. For q > 2 we still denote by D, Q X I 2 D, Q X I 2 D, and by (D,D 2 ) the closures in 
L q (H,v) of the operators defined in Lemma \2.3l 

We denote by W x ' q (H,v) and by Wh\(H,u), W^ /2 (H,u), the domains of D, Q l / 2 D, Q~ l l 2 D 
in L q (H,u), respectively, and by W 2,q (H,u) the domain of(D,D 2 ) in L q (H,u). 

Then, W^ q {H,v), W^ /2 (H,u) and W 2 > q (H,v) are Banach spaces with the norms 

W u Wwi->9(H,v) = \u\ q dv+ \\Du\\ q du, 



( \u\ q dv+ [ WQ^Dufdv, 
Jh Jh 



Denoting by D k u := X^ e (Q 9 Du,e k ), with 8 £ {0,1/2,-1/2}, D^u := (D 2 ueh,e k ), the above 
Sobolev norms may be written in a more explicit way as 



lull 9 



^{H,u)= f H \ U \ qdv + f H (Y,( D k U ) 2 ) du ' 



q/2 

D k u) 2 ) 

q/2 



I 115 11 iiq 

\ u \\w 2 <i{H,v) ~ W U Ww 



J H \ h tcM / JH 



h,k€ 

For q = 2, such spaces are Hilbert spaces with the respective scalar products 

{u^v) w i,i{H,v) = / uvdu+ / D k uD k v dv, 
J R ^ H keN 

{u,v) w i, 2 (Hu) = / uvdu+ I 'S2\ k hl D k uD k vdv, 
±1/2 ' J h Js km 

(ll,v) w W(H,v) = ( u , v )w 1 < 2 (H,i/)+ / D hkUD hk vdu. 

J H h,k<=N 

Remark 2.6. Let us make some remarks about the above definitions. 

(1) It follows immediately from the definition that for every u S W 1,P (H, v) and f £ C\( 
the superposition if o u belongs to W 1,P (H, v), and D(f o u) = (ip' o u)Du. This fact will 
be used frequently in the sequel. 

(2) Formula §F2$ holds for each f £ 3?^(H), tp £ W^ q (H,u) with q > 2. Indeed, it is 
sufficient to approach ip by a sequence of cylindrical functions in ^^(H), and to use (|2.2p 
for the approximating functions, recalling that D^U, Xh £ L 2 (H,v). 

(3) Similarly, $FZ} holds for <p £ W l *(H, v), tp £ W^ q (H, v) such that 1/p + 1/q < 1/2. 



2.2.1. Positive and negative parts of elements of W 1,2 (H,v). The following technical lemma will 
be used later to study positivity of solutions of (jl.ip . 

Lemma 2.7. Let u G W ' 2 (H, v). Then \u\ {and consequently, u + = sup{it,0}, u~ = sup{— u, 0}) 
belongs to W 1,2 (H,v), and D\u\ = signuDu. Moreover Du = a.e. in the set u _1 (0), and 
Du + = Dui {u > 0} = Dul {u>0} , Du' = -Dul {u < 0} = -Dul {u<0} . 

Proof. Set f n (0 = \/£, 2 + l/ n > £ £ R. If {u n ) is a sequence of functions in .^^(H) that approach 
u in W 1,2 {H, v) and pointwise a.e., the functions f n o u n belong to ^^(H) and approach |u| in 
W 1,2 {H, v). Indeed, they converge to |u| in L 2 (H,v) by dominated convergence, and D{f n o u n ) = 
f' n o u n Du n converge to signuDu in L 2 {H, v; H). The first statement follows. 

Let us prove that Du vanishes a.e. in the kernel of u. It is sufficient to prove that for every 
u £ W 1,2 (H, v) and i £ N we have 

f D t u(pdu = 0, tp€&tf(H). (2.4) 

J{u=0} 

Indeed, since -^^{H) is dense in L 2 {H,v), (|2.4p implies that Diul\s u =Q\ is orthogonal to all 
elements of L 2 {H, v), hence it vanishes a.e. 

Let 6 : R i— > R be a smooth function with support contained in [—1,1], with values in [0,1] 
and such that 6(0) = 1. For e > set 6 e (0 = 0(^/e). The functions 6 e o u have values in [0, 1] 
and converge pointwise to l/ u= o). Moreover, they belong to W l,2 (H,v) and we have D 
(6' E o u)DiU = (9' o u/e)Dj i u/e. Integrating we obtain 

DiUip (6 e o u) dv = — I u Di<p (9 £ o u) dv 
H Jh 

— j u(p Di(9 £ o u) dv + 2 I u(p (6 £ o u) DiU dv + — f XiUip (9 £ o u) dv 

As e — > we obtain by dominated convergence 



o u) 



lim / ip (6 £ o u) dv = / Djn ip dv, 
Jh J{u=o} 

lim / u Dup (9 £ o u) dv = / uDiipdv = 0, 



'{n=0} 

lim / uip (6 £ o u) DiU dv = I u<pDiUdv = 0, 
£ ^°Jh J{u=0} 

lim — / XiU(p (9 £ o u) dv = — f x\ u (p dv = 0. 
Aj Jh Ai J{ u= o} 

The integral f H u<p Di(9 £ o u) (if vanishes too as e -> 0, by dominated convergence. Indeed the 

support oi uip Di(6 £ ou) is contained in n _1 ([— e, e]) so that its modulus is bounded by ||#'||oo|M|oo, 

moreover it converges to pointwise as e — > 0. So, letting e — > we obtain ()2.4p . 

Once we know that Du vanishes a.e. in the kernel of u, the formulae for Du + and Du~ follow 

from the equalities u + = (\u\ + u)/2, u~ = (\u\ — u)/2. □ 

2.2.2. Functional inequalities and embeddings. Under some additional assumptions important func- 
tional inequalities hold in the space W 1,2 (H, v). 

Hypothesis 2.8. U G Wq ,2 (H, fi) and \\DU\\ G L p (H,u) for some p>2. 

We recall that since A is invertible and —A -1 is nonnegative and compact, then 

-oj := sup{(Ac,x) : x G D(A)} < 0. 
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Proposition 2.9. Let Hvpotheses \2.1\ and \2.8\ hold. Then the following Poincare and Logarithmic 
Sobolev inequalities hold. 

jU-J^dv^dvK^j^Dyfdv, ipeW^i^u), (2.5) 

J p 2 log(v 2 )dv < ^ J \\Dip\\ 2 du + J <p 2 dv\og(J <p 2 di^J, <p G W 1,2 (H, v). (2.6) 

For the proof we refer to |12| §12.3.1]. 

Another useful property is the compact embedding of W 1,2 (H, v) in L 2 (H, v) (see [7]). 

Proposition 2.10. Under Hvpotheses \2.1\ and \2.8l W 1,2 (H, v) is compactly embedded in L 2 (H, v). 

Proof. Let (/„) be a bounded sequence in W 1,2 {H, v). We look for a subsequence that converges 
in L 2 (H,v). By the Log-Sobolev inequality (|2.6p the sequence is uniformly integrable, hence it is 
sufficient to find a subsequence that converges almost everywhere. 

The sequence {f n e~ u ) is bounded in WQ ,q (H, li), with q = 2p/(2 + p) G (1,2). Indeed, it is 
bounded in L 2 (H, ll) hence it is bounded in L q (H, ll), moreover D(f n e~ u ) = Df n e~ u — f n DU e~ u . 
Once again, ||D/ n e - ^|| is bounded in L 2 (H,ll), while the second addendum f n DU e~ u satisfies 

J h \\f n DUe~ u \\^ < ( J h f 2 e~ 2U d^ ( j H WDUf^dfx) 



/ r \ ( 2 -<?)/<? 

\\fn\\UH,„){jJ D U\\ P d^ 

so that it is bounded in L q (H,Li). 

Since the embedding W ' Q (H, li) C L q (H,fi) is compact (|5]), there exists a subsequence that 
converges in L q (H,Li) and a further subsequence that converges pointwise //-a.e. and also i^-a.e, 
since v is absolutely continuous with respect to li. □ 

2.3. Moreau Yosida approximations. An important tool in our analysis are the Moreau- 
Yosida approximations of U defined for a > by 

U a (x) = inf \u{y) + U ^ h\ , x G H. (2.7) 

We recall that U a (x) < U(x) and U a (x) converges monotonically to U{x) for each x as a — > 0. 
Moreover, each U a is differentiable at any point, DU a is Lipschitz continuous, and ||Z)?7 Q || converges 
monotonically to ||-DoC^||, at any x such that the subdifferential of U(x) is not empty. Here, DqU(x) 
is the element with minimal norm in the subdifferential of U(x). At such points we have 

\\DU a (x) - D U(x)\\ 2 < \\D U(x)\\ 2 - \\DU a (x) \\ 2 . (2.8) 

See e.g. [U Ch. 2]. If in addition U G C 2 , then DqU = DU and we have convergence of the second 
order derivatives, as the next lemma shows. 

Lemma 2.11. Let U : H ^ R be convex and C 2 . Then ]\m a ^ D 2 U a (x) = D 2 U(x) in ££{H) for 
all x G H . 

Proof. For each x G H set y a {x) = (J+ aDU)~ 1 (x), so that 

y a {x) + aDU{y a {x)) = x. (2.9) 

Since U is convex, then (DU(x) — DU{y a (x)),aDU(y a (x))) = (DU(x) — DU(y a (x)),x — y a (x)) 
> 0. Taking the scalar product with DU(y a (x)) yields \\DU(y a (x))\\ < ||DI7(a;)||/(l - a), and 
letting a — > in (|2.9p we get 

lim y a (x) = x, V x G H. 
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Now it is clear that y a is of class C , and differentiating (|2.9p yields 

y' a (x) + aD 2 U(y a (x))y' a (x) = I. (2.10) 

Since U is convex, 

\\Va(x)\\sr(H) < 1, 

so that, letting a — > in (|2.1U|) and recalling that D 2 U is continuous, we obtain 

limy' a (x) = I. 

On the other hand, differentiating the identity DU a (x) = DU (y a (x)) gives D 2 U a (x) = D 2 U(y a (x))- 
y' a (x) which yields the statement. □ 

3. Elliptic problems 

This section is devoted to the main result of the paper. In §3.1 we prove existence and uniqueness 
of a weak solution u of equation (jl.ip . §3.2 is devoted to the particular case that DU is Lipschitz 
continuous. This is an intermediate step in order to prove in §3.3 that under Hypothesis 12.11 we 
have 

u £ W 2 ' 2 (H, v) n W^' 2 /2 {H, v). 
In §3.4 we show that if in addition U is twice continuously differentiable then 



(D 2 U(x)Du(x), Du{x)) v(dx) < oo. 



d 2 

' H 

3.1. Weak solutions. We consider a Kolmogorov operator defined on .^^(H) by 



X<p = \ Tr [DV] + \ (x, Q~ X Dip) - (DU(x), Dtp). (3.1) 



Using the partial derivatives Dk and D k k, ^ may be rewritten as 



W = 9 X] D kk i f( x ) ~ 9 X X k lx kD k tp(x) - ^ D k U(x)D k ip(a 



2^ r " ' 2 

k=l k=l k=l 



The measure v enjoys the following important symmetrizing property. 



Proposition 3.1. For all p £ ^?(H), if) £ &<gMH) we have 



[ Jfipipdv = -- f (D<p,Dijj)dv. (3.2) 
Jh 2 Jh 



Proof. Recalling ()2.2[) we get 

1 f 

(x) dv 



- / ^ D kk (p(x) ij){x) dv = / Dk<p(x)Dki>(3 
■* H k=i ^ H k=\ 

f °° 1 
+ / Y]{D k U(x)D k ip(x) + —x k D k tp(x))dv 

Jh k=l 



and the conclusion follows (note that all series are finite sums in our case). □ 

Let / £ L 2 (H,v), A > 0. Taking into account formula (|3.2p . we say that u £ W 1,2 (H,v) is a 
weak solution of the equation (jl.ip if we have 

A I mpdv + - [ (Du,D^)dv= [ fcpdv, V<p£W 1 > 2 (H,v). (3.3) 



Since &^{H) is dense in W x ^(H,v), it is enough that the above equality is satisfied for every 

By the Lax-Milgram Theorem equation (jl.ip has a unique weak solution u G W 1,2 (H, v). 

We denote by K : D(K) C L 2 (H,u) i— )■ L 2 (H,v) the operator associated to the quadratic form 
(u,(p) i — ^ j H (Du,Dip) dv in W 1,2 (H, z/). So, the domain D(K) consists of all it G W /1 ' 2 (i/, i/) such 
that there exists v G L 2 (H,v) satisfying 

(Du, Dip) dv = -(v, <p) L i{H,v) 



H 



for all <p> G W 1,2 (H, v), or equivalently for all ip G ^^(H). In this case, u = -fTu. The weak 
solution it to (jl.ip belongs to D(K) and it is just (XI — K)^ 1 f . 

Remark 3.2. We have ^^(H) C D(K). In fact, for u G ^^(H), integrating by parts we 
obtain 

- / {Du,Dp)dv = - I (J^u(x))p(x)v(dx), (3.4) 
2 Jh Jh 

for all if G ^^(H). Here G L 2 (H,v) since it consists of the sum of a finite number of 

addenda, each of them in L 2 (H, v). Hence, u G D(K) and Ku = Jtfu. 

To study the domain of K it is convenient to introduce a family of approximating problems, 
with U replaced by its Moreau-Yosida approximations U a defined in (|2.7p . Since DU a is Lipschitz 
continuous, in the next section we consider the case of functions U with Lipschitz gradient. 

3.2. The case of Lipschitz continuous DU. Here we assume that U : X \— > K is a differentiable 
convex function bounded from below and with Lipschitz continuous gradient. Since DU is Lipschitz, 
it has at most linear growth, and U has at most quadratic growth. Therefore, it satisfies Hypothesis 

EH 

The aim of this section is to show that for every / G L 2 (H, v) the weak solution to (11. ip belongs 
to W 2 > 2 (H,v) n W^, 2 (H,u) and the estimate 

A f \Du\ 2 dv + - [ Tr[(D 2 u) 2 ]dv + [ \\Q~ 1/2 Du\\ 2 dv + [ {D 2 UDu, Du)dv < 4 f f 2 dv (3.5) 
Jh 2 J H J H J H J H 

holds. 

Note that U ^ W 2,2 (H, fi) in general. The term (D 2 UDu, Du) in the last integral is meant as 
follows: since H is separable and /i is non degenerate, by \19\ Thm. 6] DU : H i— > H is Gateaux 
differentiable v almost everywhere. The Gateaux second order derivatives D^U are bounded by 
a constant independent of h, k, since DU is Lipschitz continuous so that the Lipschitz constant 
of each D k U is bounded by a constant independent of k. Since u G W^_'y 2 (H,v) the double series 
k DhkU DhuDkU is well defined and belongs to ^(H, v). Indeed, 



oo 

D hk UD h uD k u 

h,k=l 



/oo -.2 /oo s. 2 

<C(^|L>H) =C( ^^ 1/2 |^fcn|A^ /2 J < C\\Q~ l/2 Du\\ 2 TiQ. 
^k=i ' ^k=i ' 



Moreover, we shall show that the weak solution is also a strong solution in the Priedrichs sense, 
that is: there is a sequence (u n ) of ^^ 2 {H) functions (in fact, u n G ^^(H)) that converge to u 
in L 2 (H, v) and such that \u n — ,J€u n — > f in L 2 (H, v). 

In fact, we begin with the strong solution. The procedure is the following: we show that the 
operator 3(f : ^^(H) \- > L 2 (H,v) is dissipative, so that it is closable. Then we show that 
(A — ^)(^"^ 3 (i7)) is dense in L 2 (H,v) for every A > 0. This implies that the closure of 
generates a contraction semigroup in L 2 (H, v), and ^^(H) is a core, that is, it is dense in D(j(f) 
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endowed with the graph norm. In particular, for every / £ L 2 (H,v) and A > 0, equation (jl.ip 
has a unique solution u £ D(j£ r ), which is a strong solution by definition. Then, we show that 
D(W) C W 2 > 2 (H,v) and that holds. Eventually, we prove that the strong solution coincides 
with the weak solution. 

3.2.1. J(T : ^^(H) i y L 2 (X, v) is dissipative. This is just a simple consequence of the integration 
formula flOD , taking u = (p £ J^ 3 (if). 

3.2.2. (A/ - jr)(^f & 3 (.ff)) is dense m L 2 (if, i/). We shall approach every element / £ ^§°{H) 
by functions g of the type g = Xv — J^v, with v £ ^^{H). Since ^■ c to^°{H) is dense in L 2 (H, v) 
our aim will be achieved. 

We recall that P n is the orthogonal projection on the linear span of e±, . . . , e n . We identify P n (H) 
with R n , by the obvious isomorphism W 1 i-> P n (H), £ i-> X^fc=i £fc e fc- The induced Gaussian measure 
in R n is just <^o,Q n where Q n = diag(Ai, . . . , A n ). The induced Ornstein-Uhlenbeck operator is 

1 n 

fc=l 

The function U o P n : H \— > R is a cylindrical function, that we identify with the function 
u n : R n h-> R, u n (£) := fQZfc=i CfcCfc). iin is convex and -Du n is Lipschitz continuous, hence 
u n belongs to W 2,00 (R n ,d^) C W 2 '°°(W n , <sVo,Q n ). We take n large enough, in such a way that 
/ o P n = /, and we identify / with the function /„(£) := /(X)fe=i £fc e fc) that belongs to C^°(R n ). 

To be able to use regularity theorems for elliptic equations in W 1 that yield C 3 solutions we 
need more regular coefficients, so we approach u n in a standard way by convolution with smooth 
mollifiers. Precisely, we fix once and for all a function 9 £ C%°(M. n ) with support contained in the 
ball -B(0, 1) of center and radius 1, such that J Rn 9(£)d£ = 1, and for e > we set 

<(£)= [ u n (t-ey)9{y)dy, £ £ R n . 

Then u e n is smooth and convex, and Du e n is Lipschitz continuous. 
For A > and e > let us consider the problem 

Xv - J£v + (Du £ n , Dv) = f n . (3.6) 

Since Du £ n is Lipschitz continuous, it has a unique solution v £ Uae(o.i) C 2+a (M. n ), that belongs to 
C°°(R n ) by local elliptic regularity. A reference is [171 Thm. 1]. In fact [171 Thm. 1] deals with 
large A's, but a standard application of the maximum principle (e.g. [171 Lemma 2.4]) and of the 
Schauder estimates of [TTl Thm. 1] show that (|3.6|) is uniquely solvable in C 2+e (M n ) for each A > 0. 
Moreover, we have the sup norm estimates 

IMloo < ^||/n||oo, (3.7) 
|| \Dv\ ||oo < j\\ \Df n \ Hoc. (3.8) 

They follow from the well known probabilistic representation of v, 

POO 

v(x) = / e- xt E(f n (X(t,x)))dt, 
Jo 

where X(t,x) is the solution to the stochastic differential equation 

dX(t,x) = -\Q- l X(t,x)dt- Du £ n {X(t,x))dt + dW{t), 

X(0,x) = x, 
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and W(t) is a standard Brownian motion in IR n . (|3.7p is immediate, while (|3.8p follows taking into 
account that 

d(X(i, x) - X(t, y)) = -l(Q-\X(t, x) - X(t, y))dt - (Du £ n (X(t, x)) - Du £ n (X(t, y))dt 

so that X(-,x) — X(-,y) is almost surely differentiable and taking the scalar product by X(t,x) — 
X(t,y) we get -^\\X(t,x) — X(t,y)\\ 2 < 0, by the monotonicity of Du £ n . This implies \\X(t, x) — 
X(t,y)\\ < \\x - y\\ and consequently \v(x) - v(y)\ < \\f n \\Li P \\x - y\\/X. 

We want to show that v G C|(R n ). We already know that v is smooth, we need only to prove 
that its third order derivatives are bounded. To this aim we differentiate both sides of (|3.6p with 
respect to Xi, getting 

XD iV - ££D iV + + (Du e n ,D{D lV )) = D t f n - {D(D t u £ n ),Dv). 

The right-hand side is Holder continuous and bounded. Applying once again the Schauder Theorem 
[T71 Thm. 1] we obtain D t v G C b 2+Q (IIP) for each a G (0, 1). In particular, v G Cf (M n ). 
Let us go back to infinite dimensions and set 

V(x) := v(xi, . . . ,x n ), U £ (x) = u £ n (xi, . . . ,x n ), x G H. 

Then, V G ^^(H) and 

- JTF = / o P n + (£>[/ - W), 

where / o P n goes to / in L 2 (H, v) as n — > oo by dominated convergence. Let us estimate (DU — 
DU £ ,DV). Taking into account (13. 8j) . we get 

y ||L>[/-D([/oP n )|| 2 <ii/ + y ||D([/oP n ) - £H7*|| 2 £fc/Y 

The first term || £>C7" — D(U o P n )|| 2 <iz/ vanishes as n — >• oo by dominated convergence, since 
D(U o P n ) converges pointwise to DU and 

\\D(U o P„)(x)|| < [DU] Lip \\P n x\\ + ||£>C/(0)|| < [D^LipllxH + \\DU(0)\\, 

for each n G N. To estimate the second term we observe that 

\Du n (0 ~ Du £ n (0\ = [ (Du n (® - Du n (£ - ey))e(y)dy 

(3.9) 

< s[Du n ] Lip [ \y\6{y)dy < e[Du n ] Lip , £ G R n . 

Then, \\D(U o P n ) - DU £ n \\ < e[U o P n ]up, which implies 

I \\D(U o P n ) - DXJ £ n fdv < (e[U) Lip f. 
Jh 

Therefore, \\{DU — DU^, DV)\\&i(H,v) is as small as we wish provided we take n large and e small. 
Summarizing, we have proved the following proposition. 

Proposition 3.3. The closure of the operator Jfc : ^^(H) \— > L 2 (H,v) is m-dissipative, so 
that it generates a strongly continuous contraction semigroup in L 2 (H,u). In particular, for every 
A > and f G L 2 (H,v) problem (jl.ip has a unique strong solution u, that is: there is a sequence 
(it n ) C J^ 3 (#) such that u n — > u and \u n — J^u n — > f in L 2 (H, v). 

ii 



3.2.3. W 2 ' 2 (H,v) regularity of the strong solution and other estimates. To prove our estimates it 
is sufficient to consider functions u G ^^(H), which is dense in the domain of J?T. So, we fix 
u G ^^(H), A > 0, and we set 

Xu — J4fu = f. 

Estimates on u and on Du in terms of / are elementary. They are obtained multiplying both sides 
by u and taking into account (|3.2[) . 



Lemma 3.4. We have 

[ (Xu 2 + -\\Du\\ 2 )du = I ufdu, 
Jh 2 J H 

and therefore 

I u 2 dv < 4t / fdv (3.10) 
Jh ^ Jh 

and 

I \\Du\\ 2 dv <- f f 2 dv. (3.11) 
Jh X J H 

Estimates on the second order derivatives are less obvious. They are a consequence of the 
following proposition. 



Proposition 3.5. For each u G ^^(H) we have 

x[ \\Dufdv + \ I Tr [{D 2 u) 2 ]du + \ I \\Q~ l/2 Du\\ 2 du 
Jh Z Jh 2 J H 

(3.12) 

+ / (D 2 UDu,Du)du = I (Du,Df)du = 2 / (Xu-f)fdu. 
Jh Jh Jh 

Proof. As in §3.2.21 we differentiate the equality Xu — J^u = f with respect to Xi, then we multiply 
by DiU and sum up. We obtain 

oo oo / J-. \2 oo 

AUDull 2 - ^2(JtrDiu)D iU + \ + D v UD iuDjU = (Df, Du), 

1 1 ■ ■ 1 

t=l t=l 1}3 = 1 

where the series are in fact finite sums. Integrating on H and taking (|3.ip into account, (|3.12p 
follows. □ 

As a corollary of Lemma 13.41 and Proposition 13.51 we obtain estimates on the strong solution to 

(ED. 

Proposition 3.6. Let X > 0, / G L 2 (H,v) and let u be the strong solution to (II. ip . Then 



it 



G W 2 ' 2 (H, v) n W_'y 2 (H, v), and 

X [ \\Du\\ 2 dv + \ [ Tr \(D 2 u) 2 ]dv + \ [ \\Q- 1/2 Du\\ 2 du + f (D 2 UDu, Du)dv < 4 f f 2 du. 
Jh % Jh 2 J H J H J H 

(3.13) 

In addition, if f G J^"^! 00 (i?) t/ien u is v -essentially bounded and we have 

ess sup |n(x)| < — sup |/(aj)|, (3-14) 
igH A xe H 

12 



Proof. Let uj E J*V 6 3 (iT) approach u in L>(JT). By estimate ([3TTT]) . I>Uj -> £>u in L 2 (H,v;H). 
By Proposition 13.51 equality f|3. 12|) holds, with Uj replacing u and fj := Xuj — J^Uj replacing /. 
Then, 



\Dujfdv + - [ Tr [{D 2 Uj ) 2 ]du + - [ \\Q~ l/2 Duj\\ 2 dv 
2 Jh 2 Jh 

+ ! (D 2 UD Uj ,D Uj )dv<2 [ (Xuj-f^fjduKAWfjWl^ 



while by f|3. 10|) we have X\\uj \\l 2 (h ,u) — ll/j 1 1 l 2 (.h^)- Since fj — > f in L 2 (H,v) as j — )• oo, (tij) is 

' 2 
1/2 



a Cauchy sequence in W 2 ' 2 (H,v) and in W^JH, v). So, it belongs to such spaces and letting 



j — > oo estimate (|3.13|) follows. 

To prove the last statement, for / E ^■ C ^^°{H) we approach u by the functions used in the proof 
of Proposition 13.31 Then (|3.14|) follows from (|3.7p . taking into account that for a suitable sequence 
(jfc), (uj k ) converges to u, z^-a.e. □ 

3.2.4. Weak = strong. For A > and / E L 2 (H, v) let u be the strong solution to (jl.ip given by 
Proposition 13.31 Let u n E ^^{H) be such that u n — > u and f n := Xu n — J%fu n — > f in L 2 (H, v). 
As we remarked in the proof of Proposition 13.61 u n — > u in W 1,2 (H, v). 

Fix cp E ^^(H). Multiplying both sides of Xu n — J^u n = f n by ip, integrating over H and 
recalling (|3.2p . we obtain 



A / u n ipdv+^- [ (Du n ,D<p)dv = [ f n 
Jh 1 Jh Jh 



(p dv. 



Letting n — > oo yields that u is the weak solution to (jl.ip . So, weak and strong solutions to (jl.ip 
do coincide. 

3.3. The general case. Here we apply the results of §3.21 to prove our main result. 

Theorem 3.7. Under Hypothesis \2.1l for every A > and f E L 2 (H,v), the weak solution u to 
([TT]) belongs to W 2 ' 2 (H,v) n W^ /2 (H, v), and it satisfies 

J u 2 dv<-^ j f 2 dv, J \\Du\\ 2 du<j j f 2 dv, (3.15) 

- / Tr [(D 2 u) 2 ] dv + / \\Q~ 1/2 Du\\ 2 dv < 4 f f 2 dv. (3.16) 
2 Jh Jh Jh 

Proof. Let U a be the Moreau-Yosida approximations of U, defined in (|2.7p . Since DU a is Lipschitz 
continuous, we may use the results of £ 13.2.31 §3.2.41 for problem 

Xu a - ^u a + (DU a , Du a ) = f. (3.17) 

Let Z a = J H e- 2Ua ^n(dx) and v a := e- 2Ua n/Z a . Fix any / E J%°°(iT), A > and let u a be the 
strong solution to (|3.17p in the space L 2 (H,v a ). By Lemma 13.41 



u 2 a e- 2U -dp,<^ [ f 2 e~ 2U «d^ [ ||^ Q || 2 e- 2 ^^<^ / f 2 e~ 2U ^, (3.18) 
h X J H Jh X J H 



and by Proposition! 

\ f Tr[(D 2 u a ) 2 ]e- 2U "dn + l I \\Q~ 1/2 Du a \\ 2 e^df, 
1 Jh 1 Jh 

(3.19) 

+ I {D 2 U a Du a ,Du a )e- 2Ua dfi<4 [ f 2 e~ 2Ua dfi. 
Jh Jh 
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The right hand sides of (|3.18p and (|3.19p are bounded by a constant independent of a, since 
U a > inf U so that 

/ / 2 e- 2 ^^<||/||Le- 2infC/ . (3.20) 
Jh 

Since U a < U, then e~ 2U < e~ 2Ua , and it follows that u a G W 2,2 (H, v) and their W 2 ' 2 (H, v) norms 
are bounded by a constant independent of a. A sequence (u an ) converges weakly in W 2,2 (H,u) 
and in W^y 2 (H, v) to a limit function denoted by u. Letting n — > oo yields that u satisfies (|3. 15[) 
and (|3,16p . Our aim is to show that u coincides with the weak solution to (jl.ip . For every n we 
have 

A / u an <p e~ 2U ^ dp + \ I (Du an , D<p) e~ 2U ^ dp = [ ftp e~ 2U ^ dp, <p G (H) . 
jh 1 J h Jh 

Letting n — > oo, the right hand side converges to f H f pe~ 2Ua dp. Let us split the left hand side as 
Jj\u an <p +^(Du an ,D^))e- 2U ^dp = 

= [ (\ Uan <p +h DUan ,Dv))e- 2U dp+ [ (\ Uoin <p +\{Du an ,D V ))(l-e- 2U+2U ^)e- 2U ^dp. 

JH 1 JH 1 

The first integral converges to J H (Xuip + ^(Du, D(p))e~ 2U dp. We claim that the second integral 
too vanishes as n — > oo. Indeed, by the Holder inequality with respect to the measure e~ 2Uan dp, 
its modulus is bounded by 

( J H ^ * + ^Du^D^fe-^dp^ V2 (^(1 - e- 2 ™-)V 2 ^) 1/2 



1/2 



< ll^llci(^)(l|Aw ctn || Zy2( ^ e - 2C / ctriAt) + ||| ||Z^w an || IL^^e-^^^^)) ^(1 - e 2U + 2U ^) 2 e 2U ^dp^j 
Recalling (|3.20p . (|3. 18[) implies now that 

\\^ u a n \\ L 2 (H,e- 2u <*n + ^11 1 1 ^"on II II L 2 {H,e~ 2u ^ fj,) 

is bounded by a constant independent of n. Moreover f H {l — e~ 2U+2Uan ) 2 e~ 2Uan dp vanishes as 
n — > oo by dominated convergence, and the claim is proved. 

Therefore, u satisfies (|3.3p for every ip G J^""^. (iT), hence it is the weak solution to (jl.ip . 

If / G L 2 (H, v), there is a sequence of ^^^(H) functions that converge to / in L 2 (H, v). The 
sequence (R(X, K)fk) of the weak solutions to (jl.ip with / replaced by fk converge to the weak 
solution u = R(X,K)f of (jl.ip . and it is a Cauchy sequence in W 2 > 2 {H,v) and in W_y 2 (H, v) by 

estimate (f37L6j) . Then, u G W 2 ' 2 (H, v) n W^JH, v), and it satisfies (13TT6]) too. □ 

3.4. Another maximal estimate. Under further assumptions we may recover the full estimate 
on Du that holds in the case that DU is Lipschitz continuous. In fact, we shall show below that 



/ {D 2 U Du,Du)du < 4/ f 2 dv, (3.21) 
Jh Jh 



in the case where U G C 2 (H;W), while in §4.2 it will be proved in a specific example with U ^ 
C 2 (H;R). 

We need a preliminary result. 
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Lemma 3.8. Under Hypothesis \2.1\ for each f £ Cb(H) there is a n — >■ such that u an — )• u in 
W 1 ' 2 ^, v) as n — > oo. 

Proof. We already know that there exists a sequence (u an ) weakly convergent to u in W 1,2 (H, v). 
So, it is enough to show that 

lim sup |u a „ 1^1,2^) < \u\ w i,2( H ,v)- (3.22) 

n—>oo 

for some equivalent norm | • \w 1 - 2 {H,u) m W 1,2 (H,v). 
By Lemma 13.41 we have 



(\\u an \ 2 + hDu a J 2 )e- 2U ^dfi= [ fu an e- 2U ^dfi. 

H 1 JH 

We claim that the right hand side converges to Z J H fudv as n — > oo. In fact we have 
/ fu an e- 2U ^dn= [ f Uan e~ 2U d f i+ [ fu an (l-e 2Ua "- 2U )e- 2U ^d f i, 

JH JH JH 

where the first addendum tends to Z j H fudv, and the second one is estimated by 

f H fu an {l - e 2U ^- 2U )e- 2U ^dv\ < ll/IUKJI^e-^) jf U " ^~ W ?e- w ^ 

which vanishes as n — > oo because \\ua n \\L 2 (H e- 2Ua n. is bounded and 

lim f (l-e 2Ua "- 2U ) 2 e- 2Ua "dn = 

by the dominated convergence theorem. 
Therefore we have 

limsup / (Xu 2 an + ±\\Du an \\ 2 )e~ 2U d(i < limsup / (A|u Q J 2 + \\\Du an \\ 2 )e~ 2Uan d^x = Z I fudv. 

n->oo JH " n->oo JH JH 

Moreover 

/ fudv= I (Xu 2 + \\\Du\\ 2 )dv, 

JH JH 

so that 

limsup/ (A|u Q J 2 + \\\Du an \\ 2 )dv < [ (Xu 2 + \\\Du\\ 2 )dv 

n-»oc JH JH ^ 

and Q3JZ2D follows. □ 

Now we can prove estimate (|3.2ip . 

Theorem 3.9. Let U be a C 2 function satisfying Hypothesis \2.1\ Then (|3.2ip is fulfilled for all 
f£L 2 (H,v). 

Proof. Since Cb(H) is dense in L 2 (H, v) it is sufficient to prove (|3.2ip when / € Cb(H). In this case, 
let a n — > be such that u an — > u in W l,2 (H, v) (Lemma l3.8p . Then Du an — > Du in L 2 (H, v; H) and 
so (possibly replacing (a n ) by a subsequence) Du an (x) — > Du(x) for almost all x. Using Lemma 
12.111 for these x we have 

lim (D 2 U an (x)Du an {x),Du an (x))e- 2U ^ = (D 2 U(x)Du(x), Du{x))e~ 2U{ - x \ 
n— >oo 
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and by Fatou's Lemma, 



(D 2 U{x)Du{x),D{x))du = / (D 2 U(x)Du(x), D{x))e~ 2U{x) d^ 

H JH 

< liminf / (D 2 U an (x)Du an (x),Du an (x))e- 2Ua " {x) dfi 

n ^°° Jh 

< 4 liminf/ f 2 e r 2U ^ dfi = 4 / f 2 dv. 



□ 



4. Perturbations 

The regularity results and estimates of Section 3 open the way to new results for non symmetric 
Kolmogorov operators, by perturbation. Here we consider the operator K\ in the space 
defined by 

K\v := Kv + (B(x),Dv(x)), v G D(K), (4.1) 

with a (possibly) non gradient field B : H i— >• H. 

We shall give two perturbation results, the first one in the general case (§4.1) and the second 
one in the case where the weak solution to (jl.ip satisfies (|3.2ip (§4.2). In both cases we shall use 
the next proposition and a part of its proof. 

Proposition 4.1. Let K be a self-adjoint dissipative operator in L 2 (H,u), and let 83 : D{K) i— > 
L 2 (H,u) be a linear operator such that 

IWlia(2r,„) < a W Kv \\h(H,u) + b \\v\\ 2 L 2 {H ^ v G D(K), (4.2) 

for some a < l/(y/2 + l) 2 and b > 0. Then the operator 

K\ : D(K) i-> L 2 (H, u), Kiv = Kv + 8Sv 

generates an analytic semigroup in L 2 (H,v). 

Proof. Let us denote by SC = L 2 (H, v\ C) the complexification of L 2 (H, v) and by J?T the complex- 
ification of K, J(f[u + iv) = Ku + iKv. Then the spectrum of Jff is contained in (— oo, 0] and we 
have ||Ai?(A, JOIIw) < l/coe(0/2) for A G C \ (-oo,0], with 6 = argA. Hence, for ReA > we 
have \\XR{\Jt)\\ nx) < y/2. 

A standard general perturbation result for analytic semigroups in Banach spaces states that if the 
generator of an analytic semigroup in a complex Banach space satisfies ||Ai?(A, <%")\<£{sc) — 
M for ReA > u, then for any linear perturbation 83 : D(J^) i->- X that satisfies 

\\&v\\x < ci\\Kv\\gr + C2||n||jr, v G D(Jff), 

with c\ < 1/(M + 1) and C2 G K, the sum Jfc + 83 : D(J(f) i— > X generates an analytic semigroup 
in X . We write down a proof, which will be used later. 

For ReA > uj the resolvent equation An — (J^ + 8S)u = f is equivalent (setting An — Jtfu = v) 
to the fixed point problem v = Tv, with T : 3C *— > X, Tv = 83R(X, J^)v + /. We have 

||Tv|| < c 1 \\JtR(X,K)v\\+c 2 \\R(X,Jt)v\\ < ci(M + l)||u|| + ^-\\v\\, v£ X. 

\X\ 

Fix ujq > uj such that C := c\{M + 1) + czM/ujq < 1. Then for every A in the halfplane ReA > ujq 
T is a contraction with constant C, the equation v = Tv has a unique solution v G and 
IMI < 11/11/(1 ~~ C), and the resolvent equation An — K\u = f has a unique solution n = R(X,K)v 
with ||n|| < M||/||/|A|(1 — C), and the statement follows. 
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In our case we can take u = and M = y/2. Assumption (|4.2p implies that \88v\% < 
^/o||-firw||^r + V^Hulls") for every v G D(Jff), so we require a < l/(\/2 + l) 2 . Once we know 
that + 83 generates an analytic semigroup T(t) in L 2 (H, v; C), it is sufficient to remark that the 
restriction of T(t) to L 2 (H, v) preserves L 2 (H, v) and it is an analytic semigroup in L 2 (H, v). □ 

4.1. First perturbation. 

Proposition 4.2. Let B : H ^ H be [i-measurable (hence, v -measurable) and such that there exist 
c\ G (0, l/2(\/ 2 + 1)), c 2 > such that for a.e. x £ H we have 

\(B(x),y)\<c 1 \\Q-^ 2 y\\+c 2 \\y\\, y G Q l ^ 2 (H). (4.3) 

Then the operator K\ defined in (|4.ip generates an analytic semigroup in L 2 (H,v). In particular, 
there exist Ao > 0, C > suc/i i/iai /or every A > Ao and for every f G L 2 (H,v) the equation 
Xv — K\v = f has a unique solution v G D(K), and 

\\v\\d{k) < C\\f\\iJ*{Hj,y 

Proof. In view of Proposition 14. 1\ it is sufficient to show that the operator 88 defined in D(K) by 

8Su{x) = (B(x), Du(x)), xeH, 
satisfies estimate (|4.2p for some a < (y/2 + 1)~ 2 . We note that for every u G D(K) we have 

f \\Du\\ 2 dv < 4A f u 2 dv + \ [ (Ku) 2 dv, VA > 0, (4.4) 

JH JH * JH 

[ \\Q~ l/2 Du\\ 2 dv < 4 / (Kufdv. (4.5) 

JH JH 

Estimate (|4.4p follows from (|3.15p . taking f = Xu — Ku. Estimate (|4.5p follows from (|3. 16|) taking 
again f = Xu — Ku, and letting A — > 0. Using (|4.4p and (|4.5p . for each e G (0, 1) and A > we get 

f (B,Du) 2 dv< ! (c 1 \\Q- 1/2 Du\\+c 2 \\Du\\) 2 dv 

JH JH 

<c\{l + e) j \\Q~ 1/2 Du\\ 2 dv + c 2 2 (l + ^J J \\Du\\ 2 dv 

<4c 2 (l + e) J {Kufdv + c 2 2 (l + -^j (^X J u 2 dv + j J (Kufdv) 

Since 4c 2 < l/(\/2+ l) 2 , there is e > such that 4c 2 (l + e) < l/(v / 2 + l) 2 . Fixed such e, choose A 
big enough, such that a := 4cf (1 +e) + 4c|(l + l/e)/X < l/(\/2 + l) 2 . With these choices estimate 
(14. 2p is satisfied with a < l/(\/2+ l) 2 , and the statement follows from Proposition 14.11 □ 

Remark 4.3. The assumptions of Proposition 14.21 are satisfied if x i— > Q a B(x) G L°°(H,v; H) for 
some a < 1/2. Indeed, in this case for y G Q 1 ^ 2 (H) and a.e. x € H we have 

1(3(30,0)1 = KQ^aO.Q-*!/)! < IIQ a 3(-)||oc(e||Q- 1/2 y|| + c(e)||y||), x E H, e > 0, 

and choosing e small enoug h, is satisfied with c x < 1/2(^2- 1). 

In the case that x \— > Q 1 ^ 2 B(x) G L°°(H,v; H) we need some restriction in order that the 
assumptions of Proposition 14.21 be satisfied. For instance, they are satisfied if B = B\ + B 2 , with 
Bi G L°°(H,v;H) and Q 1 ^ G L°°(H, v; H), \\Q 1 / 2 B 2 \\ 00 < a < 1/2(^2 + 1). 
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4.2. Second perturbation. In the case that U G C 2 (H) we have also estimate (|3.2ip . which is 
useful when 

(D 2 U(x)y,y) >C(x)\\y\\ 2 , x,y G H, (4.6) 

and the function C(x) is unbounded from above (if C is bounded from above, (|3.2ip does not add 
much information to (|3.15p ). 

Proposition 4.4. Assume that (14. 6p holds for some unbounded C(x) and that for every A > 
and f £ L 2 (H,v) the weak solution u to satisfies (|3.2ip . Moreover, let B : H i— )■ H be im- 

measurable and such that there exist c\, c-i, C3 > with c\ + c| < l/8(v2 + l) 2 and /or a. e. x € H 
we have 

\(B(x),y)\ <c 1 \\Q~ 1 l 2 y\\ + c 2 ^C{x)\\y\\+c z \\yl y^Q l ' 2 (H). (4.7) 

TTien i/ie operator K\ defined in (|4.ip generates an analytic semigroup in L 2 (H,u). In particular, 
there exist Ao > 0, C > suc/i i/ia£ /or every A > Ao a^rf for every f G L 2 (H,v) the equation 
Xv — K\v = f has a unique solution v G D(K), and 

\\v\\ D {K) < C\\f\\L 2 (H,u)- 

Proof. We argue as in the proof of Proposition 14. 21 Here, besides estimates (|4.4p and (|4.5p . we also 
use 

/ {D 2 U Du,Du)du < 4 / (Kufdv, u G D(K), (4.8) 

JH JH 

which follows from (|3.2ip taking / = Xu — Ku and letting A — > 0. By (|4.7p for each u G D(K) we 
have 

/ (B,Du) 2 dv< [ {c l \\Q~ l/2 Du\\+c 2 y/C{x)\\Du\\+c^\\Du\\) 2 dv. 

JH JH 

Using the inequalities {a + b + c) 2 < a? (2 + e) + b 2 (2 + e) + c 2 (l + 2/e) for each e G (0, 1), and 
/ C(x)||Z>u|| 2 o^ < / {D 2 U Du,Du)du < 4 [ {Kufdv 

JH JH JH 

that follows from (|4.6p and (|4.8p . we obtain, recalling (|4.4p and (|4.5p . 
/ {B,Du) 2 du < 

JH 

<c\{2 + e)j \\Q- 1/2 Du\\ 2 dv + c 2 2 (2 + e) J C {x)\\Du\\ 2 du + c§ ^1 + J \\Du\\ 2 du 

< 4(c 2 + c\)(2 + e) j {Kufdv + c|Yl + ^ (^4A ^ n 2 d^ + ^ ^ (Ku) 2 (ii/j . 

As in the proof of Proposition 14.21 we may choose e small and then A large, in such a way that for 
every u G D(K) we have f H (B, Du) 2 dv < a j H (Ku) 2 du + b j H u 2 dv with a < l/(\/2 + l) 2 , and the 
statement follows from Proposition 14.11 □ 

Remark 4.5. Assumption (f4T7]) is satisfied if B = B\ + Z? 2) where x H> Q a 5i(x) G L°°(H,u;H) 
for some a G [1/2) and there are b < 1/2(2 + \/2), c > such that ||S2(x)|| < bC{x) + c for almost 
every x £ H. 

Theorem 13.91 allows to use Proposition 14.41 when U G C 2 (H). In some specific examples the 
result of Proposition 14.41 holds when U is not C 2 , but belongs to a suitable Sobolev space. See §5.2. 
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We emphasize that the domain of the perturbed operator K\ coincides with D{K). Therefore, 
under the assumptions of Proposition 14.21 for every u G D(K\) we have 

u G W 2 ' 2 (H, u), [ \\A~ 1,2 Du\\ 2 dv < oo, 
JH 

and if the assumptions of Proposition 14.41 hold, then for every u G D{K\) we have also 

/ {D 2 UDu,Du)du < oo. 
Jh 

An important feature of the semigroup generated by K\ is positivity preserving. If B = 0, that 
is K\ = K, Lemma 12.71 implies that K satisfies the Beurling-Deny conditions that yield positivity 
preserving (e.g. [131 Sect. 1.3, 1.4]). 

Proposition 4.6. Let the assumptions of Proposition \4~^ or of Proposition \J^4\ hold, and let Ao be 
given by Proposition \4-!2\ or \4-4\ Then for every A > Ao and f G L 2 (H, u) such that f(x) > a.e., 
R(X, Ki)f(x) > a.e. 

Proof. Let us introduce the approximations 

B n (x) := nR(n,A)B(x)l {x£H . \\ B (x)\\<n}, n G N, x G H, 

that are //-measurable and bounded in H. 

If the assumptions of Proposition 14.21 hold, then each B n satisfies (|4,2h with the same constants 
a, b of B. Indeed, since \\nR(n, A)\\ ^>m) — 1; then for every i£l and y G Q 1 / 2 ^) we have 

\{B n (x),y)\ = \{B(x),nR(n,A)y)\l {xeH , \\ B (x)\\<n} < a||Q" 1/2 ni?(n, A)y\\ + b\\nR{n, A)y\\ 

= a\\nR(n,A)Q- 1 / 2 y\\ + b\\nR(n, A)y\\ < a\\Q~ l ' 2 y\\ + b\\y\\. 

Similarly, if the assumptions of Proposition l4.4l hold. then B n satisfies (|4.7p with the same constants 
ci, C2, C3 as B. Moreover B n converges to B z/-a.e., since 

B n {x) -B(x) = nR(n,A)B(x) - B(x) if ||B(x)|| < n. 

For each / G L 2 (H, v) we may approach i?(A, K\)f by the solutions u n G D(K) of problems 

\u n - Ku n - (B n (x),Du n ) = f (4.9) 

that still exist for A > Ao since the functions B n satisfy the assumptions of Proposition 14.11 (or, 
of Proposition 14. 4p with the same constants as B. By the proof of Propositions 14.2 1 and 14.41 u n is 
obtained as R(X,K)(I — T n )~ l where 

T n v = (B n (-), DR(X, K)v), v G L 2 (H, v), 

and (I—Tn)" 1 exists because T is a contraction. We may use the principle of contractions depending 
on a parameter, since 

\\T n v-Tv\\l 2(Hil/) < I \(B - B n ,DR(X,K)v)\ 2 du 

J H 

that vanishes as n — > oo by dominated convergence. Indeed, for i/-almost every x we have 
limn-j.oo B n (x) = B(x) and 

\(B n (x),DR(X,K)v(x))\ < a\\Q^ 2 DR(X,K)v(x)\\+b\\DR(X,K)v(x)\\, 

if the assumptions of Proposition 14.21 hold, and 

\(B n (x),DR(X,K)v(x))\ <ci||Q^ 1 / 2 ^(A,K)t;(x)||+c 2 y^||Z)i?(A,K)«(x)||+ C 3||^(A,K) W (x)||, 
if the assumptions of Proposition 14.41 hold. In both cases, the right hand sides belong to L 2 (H, v). 
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It follows that for A > Ao we have lim n _j >00 u n = R(X, K±)f, in L 2 (H, u). To finish the proof we 
show that if / > u-a.e. then u n > z^-a.e. This will yield the statement. 

Let us multiply both sides of (|4.9p by u~, that belongs to W l,2 (H, u) by Lemma [27Tl and integrate 
over H. We get 



A 



and recalling that u n u~ 



du + - I (Du n ,Du n )du- / (B n ,Du n )u n dv = / f u n du 
Jh 1 Jh Jh Jh 

|-Du~|| 2 by Lemma \2.7\ we obtain 

/ (B n ,Du n )u~ du > 0. 
Jh 



A / [u n ) 2 du 



(u n ) 2 , (Du n ,Du 

2 d,u-- 
2 



Du„ II dv 



Now we estimate 



H 



< \\B n \\c 
If A > C n := 2\\B. 



(B n ,Du n )u n du 

1/2 



H 



\Du„ || du 



we get 



{u„<0} 

(u~) 2 du 



(B n ,Du n )u n du 



H 



H 



1/2 , 

~ 2 



H 



(B n ,Du n )u n du 

•w I 

n || oo / 

Jh 



\Du~\\ 2 du + 2\\B. 



u, 



du. 



> 



-(A - C n )\\u n || L 2(^ iV ) 

which implies u~ = 0, namely u n > a.e. So, the resolvent of K n := K + (B n ,D-) preserves 
positivity for A large, possibly depending on n. Since K n generates a Co semigroup, its resolvent 
preserves positivity for every A bigger than the type of the semigroup, in particular for every A > Ao- 
Then, R(X, K\) preserves positivity for A > Ao- □ 

Now we discuss the existence of an invariant measure C(dx) = p(x)u(dx) for the semigroup 
generated by K\ in L 2 (H,u). An important step is the following proposition. 

Proposition 4.7. Let the assumptions of Proposition ^^ or of Proposition \j^J\ hold. Let in addition 
Hvpothesis \2. #1 hold. Then the kernel of (the adjoint of K\ in L 2 (H,u)) contains a nonnegative 
function p ^ 0. 

Proof. The function 11 identically equal to 1 belongs to the domain of K\, and i^iil = 0. Then for 
any A > Ao, 11 is an eigenvector of R(\, K{) with eigenvalue 1/A. Since D(K\) = D(K) is compactly 
embedded in L 2 (X,u) by Proposition 12.101 then R(X, Ki) is a compact operator, and 1/A is an 
eigenvalue of R(\,Ki)* = R(\,Kl) too. Hence, is an eigenvalue of K^, so that the kernel of K\ 
contains nonzero elements. Note that since R(\,K\) preserves positivity for large A, then i?(A,-fCj*) 
too preserves positivity for large A, hence the semigroup e tKl generated by K\ preserves positivity 
for every t > 0. 

Let us check that the kernel of K\ is a lattice, that is if (p £ Ker K\ then \ip\ £ Ker Kf. Assume 
that <p € Ker K^. Then ip = e tK *p for every t > 0, and since e * preserves positivity, then 

K *p(x)\ < (e tK *\p\)(x), u 



\p(x)\ = \e- 
We claim that for every t > 

\p(x)\ 



a.e. x G H. 



e tK *(\ip\)(x), u - a.e. x G H. 



(4.10) 



Assume by contradiction that there are t > and a Borel subset I C H such that u(I) > and 
|</?(a;)| < e tKl (\p\)(x) for x G /. Then we have 



\<p(x)\u(dx) < I [e tK ^\p\){x)u{dx). 



n 
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On the other hand, since 1 G Ker K x then e tK l 11 = 1. Hence, 

/ e^>|^ = ( e i ^| ¥ ,|,]l) L2( ^ ) = (|^|,e^]l) L2( ^ ) = / |^|di/, 
J// iff 

which is a contradiction. Then, (|4.10p holds and it yields \<p\ G Ker Aj\ □ 

A realization of Jff\ in L 2 (H,pu) is m-dissipative, as the next proposition shows. 

Proposition 4.8. Under the assumptions of Proposition \4- 1\ let p be a nonnegative function be- 
longing to Ker A^ \ {0}. Then the operator 

^ := {u G D(ATi) n L 2 (X,pu) : K lU G L 2 (X,pu)} t-> L 2 (X,pu), u t-> K lU 

is dissipative in L 2 (X,pu) and the range of XI — K\ : Q i-> L 2 (X,pu) is dense in L 2 (X,pu) for 
A > 0. Then, its closure K\ generates a contraction semigroup T\(t) in L 2 (X,pu), and the measure 
pv is invariant for T\ (t) . 

Proof. As a first step we prove dissipativity, through estimates on R(X, K\). 

We remark that Lemma [2 . 21 holds for the measure pv as well, with the same proof. In particular, 
Cb(H) is dense in L l (H,pv). 

Let A > A and let / G C b {H). Set u = A(A,Ai)/. We recall that, since p G D{K{) and 
K\p = 0, then for every u G D(K\) we have j H K\u pdu = j H u K\pdv = 0. So, multiplying both 
sides of Am — K\u = f by p and integrating we obtain 



\u pdu = / f p du. 
h Jh 

If / has nonnegative values i^-a.e., by Proposition 14.61 u has nonnegative values i^-a.e., and the above 
equality implies 

\\u\\Ll{H,pv) < j\\f\\^(H,pu)- (4.11) 

In general, we split / as / = /+ - Since u = R{\K 1 )f + - R{X,K x )f~ = u+ - u~ , (14TTT]) 
follows for every / G Cb{H). Since Cb(H) is dense in l}{H,pv), the resolvent R(X,Ki) may be 
extended to a bounded operator (still denoted by R(X, K{)) to L l {H,pu), and 

||i?(A,^i)/|| £ i (Hi/B/) < \\\f\\mH, P u), f G L\H,pu). (4.12) 

Let now / G L°°(H,pu). f is in fact an equivalence class of functions, that contains a Borel 
bounded element. Indeed, for each element <p G /, setting f(x) = ^p(x) if |(/?(x)| < ||/||L°°(_ff,pi/)> 
f{x) = if |^(a;)| > \\f\\L°°(H.pv)i the function / is Borel and bounded, and ||/||l°o(h,p^) = 
su PxeH 1/0*0 1- 

Let us go back to the resolvent equation, Xu — K\u = /. Since / is Borel a nd bounded, it 



can be seen as an element of L°°(H,u), identifying it with its equivalence classic. Moreover, 

\\I\\l°°{h,v) =* u PxeH 1/0*01 = ||/|U<»(JJ>/)- 

Since sup|/| — f(x) > for every x, still by Proposition 14.61 we have R(X, Ai)(sup |/| — /) = 
sup |/|/A — u > 0, z/-a.e. Similarly, since f(x) + sup |/| > for every x, then u + sup |/|/A > 0, 
u-a.e. So, we get an L°° estimate, IMI^^j,) < SU P|/IM- Hence, 

\\R{X, Ki)f\\L°°(H, P v) < \\R(X,Kx)f\\ L oo {HtV) < j\\f\\ L °°(H, P v), f e L°°(H,pu). (4.13) 



W Note that p may vanish on some set with positive measure, so that / does not belong necessarily to L°°(H, 
and even it does, its L°° (H, v) norm may be bigger than its L°° (H, pv) norm. 
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By interpolation, R(X,Ki) may be extended to L 2 (H,pv) (and, in fact, to all spaces L p (H,pv)), 
in such a way that the norm of the extension does not exceed 1/A. In particular, 



K i)f\\L 2 (H,pf) < l\\f\\mH, P u), f£L 2 (H,pv)nL 2 (H,v). (4.14) 
Let now u£i For A > Ao estimate (|4.14p gives 

M\ u \\l2(h, P v) < IIA-u - Kiu\\ L 2( H)f)V ) 
and squaring the norms of both sides we obtain 

(u,K lU ) L 2 (Hipu) < ^\\Kiu\\ 2 L 2 {H)PV y 

Letting A — > oo yields (u, Kiu) L 2^ H pv \ < 0, namely the restriction of K\ to 3> is dissipative in 
L 2 (H,pu). 

We remark that ^ is dense in L 2 (X, pv) since it contains ^ c to£° (H) which is dense by the 
extension of Lemma l2.2l to L 2 (X,pv). Moreover (XI — K{)(&) is dense for A > ujq, since it contains 
J%°°(ff). Indeed, if / G ^^°{H) then u = R(X, K^f belongs to 9 and An - K x u = f. 

Let us denote by K\ : D(K\) H> L 2 (X,pu) the closure of K\ : Qi H> L 2 (H,pu). By the Lumer- 
Phillips Theorem, K\ generates a strongly continuous contraction semigroup in L 2 (X,pu), and 3) 
is a core for K\. So, for every </? G D(K\) there is a sequence of functions ip n £ 3? such that (p n ^ (p 
and K\(p n — > K\<p in L 2 (H,pv). For every n we have 

/ A'i9? n pdu = tp n K\p dv = 
iff iff 

and letting n — >• oo we obtain J H K\ip pdv = 0. This proves the last statement. □ 



5. KOLMOGOROV EQUATIONS OF STOCHASTIC REACTION-DIFFUSION EQUATIONS 
Let X = L 2 ((0, l),d£), and let A be the realization of the second order derivative with Dirichlet 



boundary condition, i.e. D(A) = W 2 ' 2 ((0, vr), d£) n Wq' 2 ((0, tt), d£), Ax = x" . 

We consider the Gaussian measure p. in X with mean and covariance Q := — ^A^ 1 . A 
canonical orthonormal basis of X consists of the functions efc(£) := y/2 sin(A;7r^), k G N, that are 
eigenfunctions of Q with eigenvalues A& := 

Let : R 
infinity, say 



\/{2k 2 ^ 



h> R be any convex lowerly bounded function, with (at most) polynomial growth at 
|*(t)| < C(l + |t| Pl ), i G R, (5.1) 



for some C > 0, p\ > 2. We set 



I7(x) 



*(x(0)de, x€LW(0,l), 



(5.2) 



+oo, 



x i LP 1 (0,1). 



§5.1. is devoted to check that U satisfies Hypotheses 12.11 and 12.81 so that we can apply Theorem 
13.71 to obtain regularity results for the solution u to (jl.l|) . Then in §5.2 we show that under an 
additional assumption u fulfills (|3.21|) too. 
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5.1. Checking Hypotheses 12. ll and [2T8l We first note that U is finite p-a.e., thanks to the next 
lemma. Its statement should be well known, however we write down a simple proof for the reader's 
convenience. 



Lemma 5.1. For every p > 2 we have 

[ [ \x(Z)\ p d£dfi <oo, (5.3) 

JH JO 

and hence /i(L p (0, 1)) = 1. Moreover, x i-> ||^||lp(o,i) G L q (H,/i) for every q > 1. 

Proof. Let P n be the orthogonal projection on the subspace spanned by e\,...,e n . For every 
£ G (0, 1) and m < n G N, the function x \— > P n x(£) — P m x(£) is a Gaussian random variable 
N o,J2^ m+1 x k e k (0 2 - Then > for p > 1, 

/ \P n x(0-P m x(0\ P dv= I \v\ P N ^ m+iXkekiO2 (d V ) 
J H JM. 

n n 

= c p ( A fe e fc (0 2 ) p/2 < c p ( X k) p/2 , 

k=m+l k=m+l 

with c p = 2 p / 2 c p , so that 

/ f 1 \P n x(0 - P m x(0\ p d^dfi = f 1 f \P n x(0 - P m x(£)| p « < c p ( V A fc ) p/2 - 
JhJo Jo Jh k=m+1 

This implies that the sequence (x, £) i— > P n ,x(£) converges in L P (H x (0, 1), ii x d£) to a limit function 
u that belongs to L P {H x (0, 1), fx x d£) for every p. Let us show that u(x, £) = x(£) taking p = 2: 
indeed, J |P n x(£) — x(£)| 2 d£ vanishes for every x G H as n — > oo, and it is bounded by ||x|| 2 which 

belongs to L l (H,n), so that by dominated convergence, J H Jq |P re x(£) — x(£)| 2 d£d/i vanishes as 
n — > oo. Then, u(x,£) = x(£) and (|5.3p follows. It implies that li(L p (H,li)) = 1 for every p > 2 
and that x h-> ||^||lp(o,i) G L p (H,/i). For q > p and x G L 9 (0, 1) the Holder inequality yields 
IMIlp(o,i) < IMIl9(o,i) so that x (->■ ||x||lp(o,i) 6 L q (H,Li). □ 



The function [/ defined by (|5.2p is convex and bounded from below because $ is. Using the 
Fatou Lemma, it is easily seen to be lowerly semicontinuous. By assumption (|5.ip and Lemma [5. 11 
U G L p (H,li) for every p > 1, and the measures // and = e~ 2U \xj f H e~ 2U dLi are equivalent. For 
U belong to some Sobolev space it is sufficient that also <£' has at most polynomial growth, as the 
next proposition shows. 

Proposition 5.2. Let $ : Mi-^K be any C 1 convex lowerly bounded function such that 

\&(t)\ < C{l + \t\ P2 ), teM, (5.4) 

for some C > 0, p% > 1. TTien i/ie function U defined in (|5.2p belongs to Wq ,p {H,li) for every 
p > 1, and DU(x) = <3?' o x /or a.e. x G -P (namely, for each x G L 2p2 (0, l)j. 

Proof By (|5.4|) . $ satisfies (|5.1|) with pi = P2 + L s ° that P G L p (H,fj,) for every p by Lemma 
15.11 To prove that U G W ,p (.fl r ,/f) we shall approach U by its Moreau-Yosida approximations U a 
defined in (j2.7f) . Each P a is continuously differentiable and DU a is Lipschitz continuous, hence 
U a G Wq' p (H, n) for every p. This can be easily proved arguing as in the case p = 2 of [6j Prop. 
10.11]. 
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Since U a {x) converges monotonically to U(x) at each x such that U(x) < oo, by Lemma 15. II U a 
converges to U, fx- a.e. Since 

inf U < U a (x) < U(x) < C(l + / \x(0\ Pl dO < C(l + ( / |*(6P P ^) 1/p ), 

Jo Jo 

by Lemma l5,ll and dominated convergence, U a — > U in L p (H,n). 

Let x G L 2p2 (0, 1). Then the sub differential dU(x) is not empty. Indeed, since $ is convex, for 
each y £ H we have 

E%) - U{x) = - <%(£))] <% > r *'(x(f))(x(0 - 1/(0)^, (5-5) 

which implies that the function o x G X belongs to dll(x). In fact, o i £ I is the unique 
element of dU(x), see e.g. [21 Prop. 2.5]. By Lemma 15. II x i— > ||$' o x|| G L p (H,fi), and again by 
dominated convergence ||Z)?7 Q (x) — <E>'o xpcZyU — >• as a — > 0, which shows that U G W ' P (H, jj) 
and DU(x) = o x, /i-a.e. □ 

If the assumptions of Proposition 15.21 hold, then U satisfies Hypothesis 12.11 and I2.8[ and conse- 
quently the results of Theorem 13.71 and of Propositions 14.71 and 14.81 hold. 

5.2. Further estimates of Du. We are going to show that for every A > and / G L 2 (H, v) the 
solution of (11.11) satisfies estimate (I3.21h as well, under reasonable additional assumptions on 
We use the following preliminary result. 



Proposition 5.3. Let g G C 2 (]R) be such that 



\g"(t)\<C(l + \t\ m ), t£ 



(5.6) 



for some C > 0, m > 1. Then the function F(x) := go x belongs to W^'^(H, fi; H) for all q > 1. // 

in addition g a : M. i— > R are C 2 functions fulfilling (|5.6p urei/t constant C independent of a > and 
5a pointwise converge to g, g 1 respectively as a — > + , i/ien ^(x) := g a o x converges to F in 
Wh 9 2 (H, n; H) asa^ 0+ /or all q > 1. 



Proof. As first step we show that for each x G L (0, 1) (hence, /x-a.e.), -F is differentiable in any 



direction ft G Q 1/2 (H) = H%(0, 1) and that = g'ox-h. We have in fact for all /» G H^(0, 1) 



£ G (0, 1) and all < |f| < 1, 
g(x + th)(0-g(x(£)) 



W(x{Z)+t<Th(Z))-g'(x{S))]h(t)d<T 



1 /•! 



JO 



g"{x{i) + tarih(C))tah(0 2 drjda 



<t\\h\\i ) c(i + 2 m ^\(\x(or + \\h\\z)). 



Now, taking the square and integrating over (0, 1), yields 



F(x + th) - F(x) 



g o x ■ h 



H 



< tc(h) (i + |M|™ 2m ) . 



This implies that for each x G L 2m (0, 1), F is differentiable at x in any direction h G Hq(0, 1) and 
that 

dF(x) 



dh 



g' ox ■ h. 
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Let us notice that F, dF/dh belong to L q (H,n;H) for every q > 1. Indeed, (|5.6p implies that 
\g(t)\ < M(l + |t| m+2 ), \g'(t)\ < M(l + \t\ m+1 ) for every t G K and for some M > 0, so that 
|F(x(0)| < M ( l + k(C)| m+2 ), \dF{x)/dh{i)\ < M(l + |x(OI 



m+l 



and then 



if(x)||^< / 1 M 2 (i + |x(e)r +2 ) 2 ^, 

J o 



<9F(x) 



9/i 



< 



Z 1 a/ 2 (i + ix(or +1 ) 2 ^ 

JO 



and the right hand sides belong to L q (H,n) for every q. It follows from [31 §5.2] that F belongs to 
G q,1 (H, jjL\ H) (that is, F belongs to L q (H,n;H), it is weakly differentiable in all directions of the 
Cameron-Martin space Hq(0, 1) and any weak derivative ® F q^ with h G Hq(0, 1) can be expressed 
as V(x)h, where * G L q (H, fi; Sf(H^ (0,1), H)) is such that dF(x)/dh = (/»)). To show that 
F G Wlj q 2 (H,n;H) we have still to check that (0 Prop. 5.4.6, Cor. 5.4.7]) 

9/2 



/ ( E X h^k{dF(x)/de h ,e k )A dfj, < oo. 



This is because a canonical orthonormal basis of -Hq (0, 1) is just the set {y/\k~e k : & G N}. Recalling 
that 1 1 gfc 1 1 oo = V% for every k, we get 



\(dF{x)/de h ,e k )\ 



g'{x(i))e h {i)e k (i)di 



< 2M f\l + \x(t)r +1 )d£ = 2M(1 + WxW^l) 
Jo 



for each h, k G N, which implies 



/ ( E A&A fc (aF(a:)/9e h> e fc ) 2 y / ttyz < 2M / (TrQ) 



^llrWfl d// < OO, 



so that F G Wlf 2 {H,n;H). 

Now we can show that F a — > F as a — > 0. In fact, since (|5.6p is fulfilled with constant independent 
of a, there is Mi > independent of a such that 

\g a (t)\ <M 1 (l + \t\ m+2 ), \g' a (t)\<M 1 (l + \t\ m+1 ), tel. 

Concerning the convergence of g a o x to g o x in L q (H, fj,; H) we have 



< 



g a o x - go x \\ q H dfi 



H wo 



1 \ 9/2 

\g a (x(0)-g(x(0)\ 2 dH) dfi 



H JO 



\g*(x(0)-g(x(0)\ 9 dtd» 



and the last integral goes to as a —> by the Dominated Convergence Theorem. Therefore 
F a (x) = g a o x converges to F in L q (H, fi; H). Concerning the convergence in W^^H, fj,; H) we 
have 

/ ( ^ \h^k{d{g a °x)/de h - d{gox)/de h ,e k ) 2 \ dfi 

= I ( E XhX 4 f\9M0)-g'(xme h (0ek(m) Y dp 
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: C q I £ X h X k I 1 \g' a (x(0)-g'(x(0)\ 2 dti) q/ d 



H 



h,ken 



<C q {TrQY I r\g' a (x(0)-g'(x(0)\ q dCdf, 
Jh Jo 

and the last integral vanishes as a — > again by dominated convergence. □ 



We shall use Proposition 15.31 to prove that the Moreau-Yosida approximations U a converge to U 
in Wy2(H t [i) for every q (for the moment, we only know convergence in W 1,q (H, fi)). 

Proposition 5.4. Let $:Mi->R be any C 3 convex lowerly bounded function such that 

W"{t)\ < C(l + \t\ m ), teR, (5.7) 
for some C , m > 0. Then U G W^j q 2 (H, fj) for all q > 1 and we have 

lim U a = U in WffJH, y), V q > 1. 
a— >0 ' 



growth, F G ^55[(77,/i;77) for a11 9' so that ^ G W?/2 for a11 ?■ Moreover Df7 a ( 
DoU(y a ), where y a is the solution of 



Proof. Let us apply Proposition 15.31 to F{x) = DU{x) = gox with g = <3? / . Since 5" has polynomial 

so that £/ £ 

y Q + aD U(y a ) = x, 

that is 

y a + a$'(y a ) = x. 

Therefore 

ya(e) = (/ + a^')" 1 (^(e)), o<e<i, 

and so 

DU a (x) = o (7 + a^')" 1 z. 
Setting 5 a (t) = 3>' o (7 + a < &')~ 1 (t), we see that g a converges pointwise to g = <&' and 

, o (7 + o^')" 1 

5o " (1 + a$" o (7 + a®')- 1 ) 

converges pointwise to g' = 

Moreover we notice that there exists M > 0, independent of a £ (0, 1) such that | (7+a<3?')~ 1 (t)| < 
M + |t| for all t 6 8. (|5.7p implies that <&' and <3>" have polynomial growth as well; in particular 
\&(t)\ < ci(l + |t| m+2 ), so that \g a (t)\ < ci(l + (M + |t|) m+2 ). A similar estimate with m + 1 
instead of m + 2 holds also for |<7^(t)|. By the second part of Proposition 15. 3| DU a converges to 
DU in Wlf 2 {H,n;H) as a — > 0, thereby C/ Q converges to [/ in Wn|(H, /x). □ 

As a final step, we can show that the solution to (jl.ip satisfies (|3.2ip under the assumptions of 
Proposition 15. 



Proposition 5.5. Let U be defined by (I5.2p with $:Ri->M convex, bounded from below, of class 
C 3 and satisfying (|5.7p . Then for every A > and f € L 2 (H,u) the weak solution u of (jl.ip 
satisfies (I3.2ip . 

Proof. It is sufficient to prove the statement for / £ Cfe(77), which is dense in L 2 (H,v). By 
Lemma 13.81 there is a sequence (a n ) — > such that u an — > u in VF 1,2 (77, z^). Then Du an — > Du 
in L 2 (H,u; H) so that (up to a subsequence) Du an (x) — > Du(x) for almost all x. By Proposition 
15.41 J7 an converges to {/ in W^^H, fj,), thereby for all fixed h, k € N we have DhkU an — > D^U in 

26 



L 2 (H,/j,). Let us fix N G N. Possibly choosing a further subsequence, we have Dh k U an — > D^U 
poinwise a.e. for all h,k < N. Therefore for \x- a.e. x G H we have 

N N 

lim V D hk U an {x)D h u an (x)D k u an (x)e- 2U ^ x) = V D hk U(x)D h u(x)D k (x) e - 2U{x) 

n— >oo ' — » * — » 

h,k=l h,k=l 

and by Fatou's lemma, 

„ N , N 

/ Yl D hk U{x)D h u{x)D k u{x) dv = / Y, D hk U{x)D h u{x)D k u{x) e~ 2U ^d^ 

Jh h,k=l H h,k=l 

N 



<liminf / V D hk U an (x)D h u an (x)D k u an (x)e 2U ^ x Ufx 

n— 7-00 / v 



<41iminf / f 2 e ~ 2Ua " d/i = 4 / / 2 dz/. 

n— >oo 



Now by Theorem [377] we know that x (->• H-DwC^H^^i) = HQ^-Du^ll^/v^ G L 2 (H,fi), 
therefore for almost any x €: H, Du(x) G id^O, 1), whereas by Proposition 15.41 it follows that 
x ^ YX,k=i X h^k{D h kU{x)) 2 belongs to L x (H,n), that is x (->• ||.D 2 f7(a;) 11^(^1(0,1)) G L 2 (H,fi). 
Therefore for almost x £ H, D 2 U(x) G J2?2(-ffd(0, 1)). It follows that for almost any x £ H the 
sequence fc=1 Df lk U(x)D k u(x)D k u(x) converges to Y^h k =i^hkU{x)D k u{x)D k u{x). Using once 
again Fatou's lemma we can conclude that 

„ oo „ N 

I y^D h kU(x)D h u(x)D k u(x)dv= / lim V ] D hk U(x)D h u(x)D k u(x)dv 

Iff L ' /rrTV-J-OO Z ' 



h,k=l h,k=l 
N 

<liminf / D hk U(x)D h u(x)D k u(x) dv < 4 / f 2 dv. 



□ 



Then we can apply all the results of Sections 3 and 4. In particular, we have the following 
theorem. 

Theorem 5.6. Let <f? : M i— > R 6e any convex C 1 lowerly bounded function satisfying (j5.4|) . and Zei 
?7 6e defined by (I5.2p . T/ien /or every A > and / G L 2 (H, v) the weak solution u to (II. ID belongs 
to W 2 ' 2 (H,v) n W^i^H^v), and it satisfies (|3.15p . (|3.16p . //in addition & is C 3 and satisfies 
(|5.7p . i/ien n satisfies (]3.2ip as weZL 

Remark 5.7. With our choice of £/, the stochastic differential equation (jl.6p in X reads as 

dX = (^X-$'(X))dt + dW(t), X(0)=x, 
hence it is a reaction-diffusion SPDE, whose Kolmogorov operator is just Jff. 

6. Kolmogorov equations of stochastic Cahn-Hilliard type problems 

In Section 5 we have seen that the superposition x i— > $' o x may be seen as the gradient 
of a suitable function U in the space L 2 (0, 1). This is no longer true for operators of the type 
x h- > 4($'o2;) or x i— > ^j($'oa). However they may be still interpreted as gradients, with suitable 
choices of the space H. 
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Here we choose H := H 1 (0, 1), the dual space of H^(0, 1). We consider L 2 (0, 1) subspace 
of H , identifying any x G F 2 (0, 1) with the element y i-)- x(^)y(^)d^ of if . 

The standard extension B of the negative second order derivative on Hq(0, 1) with values in H 
is defined by 

Bx( y )= [ x'(0y'(0dt;, y€Ht(p,l). 

Jo 

If x G -&o(0, l)rW 2 (0, 1), then Bx(y) = - x"(£)y(£ i )d£ i so that, with the above identification, B is 
an extension of (minus) the second order derivative with Dirichlet boundary condition. The operator 
B is an isometry between Hq(0,1) and H, since ||-Bx||#-i = swp yj LQ{x,y) H i /\\y\\ H \ = \\x\\ H i. 
Moreover, if z G L 2 (0, 1) and x £ i^o(0, 1) then (z,Bx) H i = (z,x) L 2( 01 y 

Let again efc(£) = \/2 sin(A:7r^). Then £>efc = k 2 7r 2 e k , and setting = kirek, the set {/& : k G N} 
is an orthonormal basis of H. We recall that P n is the orthogonal projection on the subspace 
spanned by the first n elements of the basis, 



P n x = ^2(x,f k } H -if k . 

k=l 

Remark 6.1. Note that the restriction of P n to L 2 (0, 1) is the orthogonal projection in L 2 (0, 1) 
on the subspace spanned by ei, ... e n . Indeed, for every x G L 2 (0, 1) and k G N we have 

(x,fk)H-ifk = (xiB^f^tffk = (x,^) L ^ k ^e k = (x,e k ) L 2e k . 

kir 

Here we set A = —B 2 and, as usual, we denote by [i the gaussian measure on X with zero 
mean and covariance Q = —A~ 1 /2. Note that the eigenvalues of Q are now X k := l/27r 4 /c 4 , and 
B = V2Q 1 / 2 . 

As in §5.1, let $ : R i— >■ M be any convex lowerly bounded function, satisfying (|5.4p . and let U be 
defined by (|5.2p . Moreover we assume that <& is continuously differentiable and that 

lim = +oo. (6.1) 

r— >±oo r 

Again, U is obviously convex and bounded from below, moreover by [21 Prop. 2.8], it is lower 
semicontinuous; the subdifferential of U is not empty at each x G L 1 (0, 1) such that <J>'ox g Hq(0, 1) 
and it consists of the unique element DqU(x) = B(& o x). 

We shall see that U G W 1 j 2 (H, fi), while U ^ W ' (H,/j,). For the proof, instead of approaching 
U by its Moreau-Yosida approximations, we shall approach it by the sequence U o P n , namely we 
set 



U n (x)= f $(P n x(0)dt, xeH. 
Jo 



By {53]), $ satisfies (joTTT) with p 1 = p 2 + 1 and we have U(x) < (7(1 + INI^o 1} ), f7 n (x) < C(l + 
1 1 -fn^ | IxJji/q i))- So, the starting point of our analysis is the study of the functions x h-» ||s||xj>(o,i); 

X H> ||-Pn^||LP(0,l) for P - 2 - 

Proposition 6.2. For eac/i p > 1 i/iere is C p > suc/i 

„ „1 / n s p/2 



fe=l 



„ »1 / n v p/2 

/wo i p ^^)- p ^^)i p£ ^^^ c p[ E ' m<neN ' ( 6 - 3 ) 
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Proof. First of all note that for every x G H, P n x is a smooth function. Moreover for every 
£ G (0, 1) and m < n G N, the function x i— > P n x(£) — P m x(£) is a Gaussian random variable 
An V™ f, (ev ■ Then, for p > 1, 

u >Z^fc = m 4-l 4 1.4 JfekS^ 



Jjj "i^fc = m + l ^4 fc 4J*:VS/ 

n 1 / n 1 \P/2 

E ^-(« 2 s E k?) ■ 

— m+1 fc=m+l 



SO that 



^^Vnx(o-p m ^(e)i p ^^ = ^ 1 ^|Pnx(e)-p m x(c)i p ^de<2 p/ %( £ 



p/2 



' fc=m+l 

that is, (|6.3p holds. The proof of (I6.2p is the same. □ 

Proposition 16.21 has several consequences. 

Corollary 6.3. fi(L p (0, 1)) = 1, and f/ie sequence of functions (x,£) h-> P n x(£) converges to 
(x,£) H> x(£) in L P (P x (0, l),/x x /or every p > 1. 



Proof. It is sufficient to prove that the statement holds for p = 2. Indeed, estimate (|6.3p implies that 
the sequence (x, £) i— )■ P n x(£) converges in L P (H x (0,1), fix d£) for every p to a limit function, that 
we identify with the function (x,£) t- > x(£) taking p = 2. Once we know that f H J Q \x(£,)\ p dl; dfi < 
oo, then fj,(L p (0, 1)) is obviously 1. 
So, fix p = 2. Since 

' \P n x(0\ 2 d^= y)(i,A)ff-i(i,MH-iA(fl/fc(f)df= I>,/fc>lr-i/fc(£) 2 ^, 

^ h,fc=l ^ fe=l 

then for every x £ H the sequence Jq 1 |P n x(£)| 2 (f£ is increasing, it converges to ||x|| 2 2 if x G £ 2 (0, 1) 
and to +oo if x ^ £ 2 (0, 1) by Remark 16.11 By monotone convergence and (16. 2p with p = 2 the 
limit function belongs to L l (H,fi), and this implies fi(L 2 (0, 1)) = 1. Consequently, the function 
(x,£) i — y x(£) is defined a.e. in H x (0, 1). Moreover, 

/ / \P n x(0-x(0\ 2 dtdfi= ! lim / \P n x(0-P m x(0\ 2 dtidfi 
< liminf f f 1 \P n x(0 - P m x(i)\ 2 didfi 

m-Kxs 7x^(0,1) Jo 

For each e > there is n £ G N such that for n, m > n £ we have i) Jo IP« X (£) — Pn x (£)| 2c ^ ^A* — 
e. Then for n> n £ we get J* L 2( i) Jo 1 l^ > « x (^) ~~ x (Q\ 2 d£ dp> < £ 5 and the statement follows. □ 

Proposition 6.4. C7 G W^j^H,^) and lim n _ s . 0O U n = U in L p (H,fi), for every p > 1. Moreover, 
D k U(x) = £ ^(x(O)A(O^ M o-e- x G P. 

Proof. As a first step, we remark that the sequence of functions x i— > HPnxll^Q ^ is bounded in 
L s (H,fi) for every s > 1. Indeed, using the Holder inequality we get 

-1 / /•! \ 1/a 



J o \PnX(0\ P dt<n o \PnX(Ordt) \ 8>1, 



and the right-hand side belongs to L s (H,fi) with norm independent of n, by estimate (j6.2f) 
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By ((53J), $ satisfies (JOJ and therefore \U n (x)\ < /J C(l + |P n x(£)|) pl d£ with p x = p 2 + 1, so 
that U n is bounded in L P (H, fj) by a constant independent of n, for every p > 1. Let us prove that 
C/ n — ?• C/ in L p (H,fi). Using (|5.4|) and the Holder inequality we get 



1 MP nX (0)-Hx(0)\d^ P 



\U n (x)-U(x)\ p < 

< C P (j\l + \X(0\ + \PnX(0\) P2 \PnX(0 ~ S(0|d£ 



1/2 



1 \ 1/2 

|P„x(£)-x(£)| 2 ^ 



Since ||1 + \x\ + |P n a;| Hl 2 p2p(o,i) is bounded in L 2p2P (H, n) by a constant independent of n, and 
||P n a; — x||x,2p( ,i) vanishes in L 2p (H,[i) as n — > oo, by the Holder inequality the right hand side 
vanishes in fi) as n — > oo. Hence, £7 in L p (H,/j,) and f/ n — >■ J7 in L p (H,fi) as n — >• oo. 

To prove is enough to show that the sequence U n is bounded in W^(H, fi) 

(e.g., [3 Lemma 5.4.4]). We already know that it is bounded in L p (H,fj,). Moreover each U n is 
continuously differentiable, since it is the composition of x i— >■ P n x which is smooth from H to 
C([0, 1]), and y i-> Jq 1 <$(y(£))d£ which is continuously differentiable from C([0, 1]) to R, and 



D k U n (x) = ! *'(P„z(£))/k(fK> k<n, 
Jo 



(6.4) 



while D}JJ n (x) = for k > n. Using again assumption (|5.4p and the Holder inequality we get 



\D k U n (x)\ -- 
for k < n. Then 



^'(PnX(O)fk(m 



<c I (i+\p n x(o\r\fk(o\dc< 

Jo 



C 



1 _|_ P r F 2 



\\Qy 2 DU n {x)f = ^A fe | J D fe C/ ri (x)| 2 <C 2 ^A^ 2 ||l + |P n x|||f4 (0)1) . 
fc=i fe=i 

By the first part of the proof we know that x i— > H-Fn^Hj^wo l) belongs to ^(H, fi) with norm 

bounded by a constant independent of n. Since J^/K=i ^l/ 2 < °°i then J7 n is bounded in W 1,p (ii", 
so that U € W 1,P (.H». 

Now we show that for every G N, a subsequence of D k U n converges to $'(x(£))fk(£)d£ in 

L 2 (H,fi). Then the equality DkU(x) = $'(x(£))fk(£)d£ /x-a.e. follows using the integration by 
parts formula (|2. 1 j) . 
We have 



/ D k U n (x)- f &(x(Z))f k (Z)d£ 

J H Jo 



H JO 



By Corollary 16. 3\ the sequence of functions H> P n x{£) converges to x{£) in L 2 (H,fi). Con- 

sequently, a subsequence converges //-almost everywhere, and since <3>' is continuous, along such 
subsequence (x, £) h-» (<£'(P n a:(£)) — <£'(;£(£)))/&(£) vanishes. Moreover, by assumption (|5.4p . 

i$'(p„x(e)) - $'(x(o)i 2 / fe (o 2 < c 2 (2 + \p n x(or + worni/*^ 

which belongs to L l (H x (0, 1), fi x d£) with norm bounded by a constant independent of n. The 
statement follows by dominated convergence. □ 
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Then, U satisfies Hypothesis 12.11 So, the results of Theorem 13. 71 and of Proposition 14.21 14.61 hold. 



Remark 6.5. We recall that the operator Q l l 2 D in the space L 2 (H,u; H) is the closure of the 
operator cp i— > Q 1 / 2 Dip defined in a set of smooth functions, see Definition 12.51 However, we can 
identify Q 1 / 2 DU(x): indeed, recalling that B = Q^ 1 ^ 2 /a/2, we obtain 

A -i/2 

D k U(x) = (&ox,f k ) L 2 [0A) = ox, Bf k ) H -i m = -^-($'oi,A) fl -i M 
for every x £ L 2p2 (0, 1), so that 

(f/*DU(x) = -j= o x, f k ) H -i m f k = — ^. 

On the other hand, we already mentioned that if o x £ Hq(0, 1) (that is, <£' o x G D{B)) : then 
D U(x) = B{& o x ), so that, since Q 1 / 2 = B^/y/2, Q 1 / 2 D U(x) = Q 1 / 2 DU(x). For such x we 
have 

(B(<f>' ox),Du(x)} = ox,BDu(x)) = {Q 1/2 DU(x),Q~ 1/2 Du{x)) = (DU (x) , Du{x)) . 
Then the stochastic differential equation (|1.6p in H reads as 



dX t = (-Jl - ^'(X))dt + dW{t), X(0) = x, 
and it is a stochastic Cahn-Hilliard equation, whose Kolmogorov operator is .X . 
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